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We point out that in the deep band-inverted state, topological insulators are generically vulnerable
against symmetry breaking instability, due to a divergently large density of states of 1D-like exponent
near the chemical potential. This feature at the band edge is associated with a novel van Hove
singularity resulting from the development of a Mexican-hat band dispersion. We demonstrate this
generic behavior via prototypical 2D and 3D models. This realization not only explains the existing
experimental observations of additional phases, but also suggests a route to activate additional
functionalities to topological insulators via ordering, particularly for the long-sought topological
superconductivities.
PACS numbers: 71.20.Nr, 85.75.-d, 73.43.-f, 74.90.+n
Topological insulators have attracted great research in-
terests recently, due to their realization of topological
characteristics in fundamental physics and their signifi-
cant potential in spintronic applications [1–7]. For exam-
ple, the edge states are spin-momentum locked and can
propagate without dissipation, enabling exciting novel
applications in magnetic transistors [8], spin battery [9],
and magnetoresistive devices [10].
Interestingly, topological insulators are often found
to be accompanied with additional symmetry breaking
phases. For examples, Cr-doped Bi2(SexTe1−x)3 is found
to enter a magnetic phase [11], allowing the realization
of the long-sought quantum anomalous Hall effect [12].
Another example, the charge density wave instability by
the chiral symmetry breaking in the 3D Weyl semimet-
als, made by the topological insulator multilayer [13], has
been proposed to form axion insulators, with the dissi-
pationless transport on the axion strings [14]. One thus
wonders “Is there a generic reason for the strong tendency
toward symmetry-breaking instability in the topological
insulating phase?” and “How should one apply it to re-
alize new quantum phenomena and to tailor their unique
functionalities?”
Perhaps the most exciting possibility is to realize the
topological superconductor [2, 15–20]. The edge state of
a topological superconductor has a peculiar nature that
it is its own anti-particle, a special particle named Ma-
jorana fermion [15]. The Majorana fermion has some ex-
otic properties that make them scientifically interesting,
such as the non-Abelian statistic rather than the Bose-
Einstein statistic of the bosons or Fermi-Dirac statistic
of the normal fermions [21]. This also allows them to be
used for practical applications, such as to create Majo-
rana qubits and to realize the topological quantum com-
putation [22–24]. So far, the main thinking of the field
is to utilize the superconducting proximity effect to cre-
ate topological superconducting state at the interface be-
tween a topological insulator and a fully gapped super-
conductor [25]. However, it would be highly desirable to
also explore the intrinsic bulk superconducting instability
of doped topological insulators.
In this letter, we point out a generic feature in the
topological insulating phase that renders the electronic
system vulnerable against symmetry-breaking instabili-
ties. Deep into the topological phase, the inverted band
unavoidably develops a Mexican-hat dispersion that gives
rise to a novel van Hove singularity (VHS) [26] at the
band edge in both 2D and 3D. In essence, the geometry
of the Mexican-hat dispersion hosts a singular density
of states (DOS) with a 1D-like divergent exponent. In
doped systems, this may also cause a Lifshitz transition–a
change of Fermi surface topology, involving appearance of
additional disconnected Fermi sheets with characteristic
shapes. In the absence of Fermi surface nesting, the di-
vergent DOS would particularly enlarge the phase space
of the Cooper pairing channel and favor the superconduc-
tivity. These generic features, which we will demonstrate
with prototypical 2D and 3D models, not only explains
the observed broken symmetry states in many topological
systems, but also suggest a clear route to activate addi-
tional functionalities, particularly the long-sought topo-
logical superconductivity.
We start by examining the evolution of the electronic
bands structure across the topological phase transition
via a band inversion. For a 2D system, we use a sub-
block of the BHZ model that drops the spin degree of
freedom [27, 28]. It represents the simplest topological
insulator (the Chern insulator) with the bands inversion
scenario:
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FIG. 1. (color online; arb. unit.) (a) Evolution of the band dispersion according to the Eq.( 3), (b) The change of the DOS
for 2D system and (c) for 3D system, from a normal insulator (M < 0) to a topological insulator (M > 0). Each column is
labelled by the mass term at the top, and the length of the double-headed arrows describe the band gaps given at the bottom.
When the band demonstrates Mexican-hat dispersion at M > 1, the DOS diverges at the band edge ∼ |ω|−γ with a 1D-like
divergent exponent γ = 1/2. The regular VHS corresponding to the tip of the Mexican hat (an additional step function in 2D
and square root function in 3D), can also be observed at |ω| = 1.8 in the right most panels.
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TABLE I. Different analytical limit of the DOS at the band
edge from a normal insulator (M < 0) to a topological insu-
lator (M > 0). With a Mexican hat band, the DOS diverges
at the band edge with a 1D-like exponent, for both 2D and
3D systems. The 3D DOS is also proportional to the radius–
KM of the bottom sphere of the Mexican hat dispersion (cf.
Fig. 2).
where the 3-dimensional vector ~d is defined as dx(k) =
sin kx, dy(k) = sin ky, dz = 2−M − cos kx − cos ky, and
σa’s are the Pauli matrices. Note that all models of Chern
insulators can be reduced to the similar form [28]. The
dispersions of this two-band system are E± = ±
√
|~d|2.
Near the band inversion point (set as |k| = 0), the Hamil-
tonian is, up to the 2nd order of k′s,
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with the dispersions:
E
(2)
± (k) = ±
√
k2 +
(
1
2
k2 −M
)2
, (3)
where k2 = k2x + k
2
y.
For generic 3D cases, we use the simplified model of
the topological insulator family including such as Bi2Se3
crystal, which had been realized in the experiments [30,
31]:
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where k± = kx± iky. The resulting dispersions have the
same form as Eq.( 3), but with k2 = k2x + k
2
y + k
2
z .
Figure 1 summarizes the evolution of the band struc-
ture and the corresponding DOS’s, from the topologically
trivial phase (M < 0) to the topologically non-trivial
phase (M > 0) in both 2D and 3D. As expected, at
the phase boundary (M = 0) a metallic state is guar-
anteed [4–6]. Near the Dirac point, where two bands
coincide in energy, the dispersion is linear and the DOS
approaches zero.
Notice that deep into the topological phase (M > 1),
3Degenerate 
MinimaE
 k
Eedge
EF
kF1 kF20
2MEgap
0
KM
Non-degenerate 
Maximum
FIG. 2. (color online) Formation of the Mexican-hat disper-
sion deep in the band-inverted state. Dashed lines shows the
inverted bands without the inter-band coupling. Introduc-
tion of the inter-band coupling makes the system insulating
via a gap opening. As long as the band-inversion is stronger
than the gap opening, a Mexican-hat dispersion is unavoid-
able. KM denotes the radius of the bottom of the Mexican
hat.
the system develops a Mexican-hat band dispersion. This
development of band structure is easily understood from
Fig. 2. When the band inversion is stronger than the
gap opening between the two bands (2M > Egap =
2 ·min{|E(k)|}), the dispersion unavoidably evolves into
a Mexican hat. Obviously, the development of such a
feature is generic in all band-inversion scenarios and has
in fact been observed in various numerical studies [31–33]
The appearance of the Mexican-hat dispersion has im-
portant physical consequences. For example, the DOS,
gD (ω) = 2
∫
dDk
(2π)D
δ
(
|ED,± (k) | −
(
|ω|+
Egap
2
))
(5)
becomes divergent at the band edge. Here, ω is the en-
ergy measured from the band edge, the factor 2 accounts
for the spin degree of freedom, and D = 2, 3 for 2D and
3D cases, respectively. Indeed, Fig. 1(b)(c) and TABLE I
show that the DOS’s for both 2D and 3D topological sys-
tems diverge at the Mexican hat band edges with the di-
vergent exponent, γ = 1/2. This divergent rate of the
DOS is the same one found at the band edge of a reg-
ular1D system. Actually, these 1D-like divergent DOS’s
are consistent with several recent experimental observa-
tions [34–36].
Such singular DOS’s suggest that deep into the topo-
logical insulating phase, systems with band inversion are
intrinsically vulnerable against symmetry breaking insta-
bilities. This is because of the proximity of the chemical
potential to the DOS singularity due to the smallness
of the band gap or the intrinsic doping of the systems.
For systems with near nested band structure, this may
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FIG. 3. (color online) Demonstration of the Lifshitz transi-
tion occurring in doped topological insulators: a single sheet
of Fermi surface (a) would turn into two sheets of Fermi sur-
face (b) due to formation of the Mexican-hat dispersion(cf.
Fig. 2). Inclusion of strong anisotropy might even split the
Fermi surface into more sheets (c).
lead to charge density wave or spin density wave states.
Otherwise, more generally, this would enhance the in-
stability in the q = 0 channel, such as ferromagnetism
or superconductivity, since their bare susceptibility are
proportional to the DOS at the chemical potential [37].
This offers the most natural explanation of the recent ob-
servation of additional superconducting instability in the
topological phase [38, 39].
Compared to the recent proposal of interface supercon-
ductivity in topological crystalline insulators with flat
bands [40], the bulk superconductivity created via the
Mexican hat in doped topological insulators has its ad-
vantage. While it does suffer from low carrier density,
the potential drawback of smaller phase stiffness [41–43],
should be compensated by the large kinetic energy (the
relative big band width) and the bulk nature of the su-
perconductivity. In essence, in terms of the superfluid
behavior, it would be in the same regime as the under-
doped high-Tc cuprates.
Fundamentally, notice that the VHS created by the
Mexican hat is a qualitatively new class of VHS on its
own, different from the known ones [26]. Originally,
based on the Morse theory and the quadratic dispersion
of the momenta, the singular DOS is characterized by
the non-degenerate extremum or saddle point [26, 29],
which at most, can lead to a kink in 3D or a logarithmic
divergence in 2D in general. Only in the rare case of the
flat bands (here as M = 1), it is possible to realize more
singular DOS caused by the quartic dispersion. On the
other hand, the Mexican-hat dispersion hosts the degen-
erate extrema at the bottom of the hat band, in addition
to the common non-degenerate extremum at the tip of
the Mexican hat. The former gives rise to the 1D-like
divergent behavior of the DOS and the latter produces
the regular VHS, an additional step function in 2D and
square root function in 3D (cf. the right most panels
of Fig. 1). Although at the band edge, the dispersion
relations can still be approximated by the quadratic mo-
menta, the degenerate extrema (a ring in 2D and a sphere
4in 3D) have 1D codimension, and consequently the DOS
diverges at the band edge, like a 1D system [29].
Interestingly, the appearance of the Mexican hat dis-
persion may also give rise to a Lifshitz transition in a
doped system. For example, observing the Fermi surface
evolution of a doped systems in Fig. 2 and 3 (a)&(b), one
finds that the number of Fermi surface grows from one
to two per Dirac point. Across the Lifshitz transition,
the non-analytical change of the corresponding DOS is
known to lead to salient effects on thermodynamic, trans-
port or magnetic properties [44]. One thus expects clear
signatures of such a transition in most measurements.
This could also be another way to qualitatively under-
stand the enhancement of superconductivity discussed
above.
It might also be instructive to make a connection to the
similar singular DOS at the gap edge of a fully gapped
superconductor with weak gap anisotropy, eg: s-wave,
px + ipy or dx2+y2 + idxy. Notice that in these systems,
when the superconducting gap on the Fermi surface is
smaller than the Fermi energy, the band would demon-
strate effectively a Mexican hat dispersion as well, just
with a reduced spectral weight. Therefore, it is trivial
to understand that other than an overall 1/2 factor re-
lated to the weight reduction, the resulting DOS has the
same 1D-like divergent behavior at the gap edge. Thus it
would not be very unusual that in these systems, super-
conductivity can coexist with other symmetry breaking
phases.
Finally, for completeness, it is necessary to consider the
effect of anisotropy of the dispersion around the Mex-
ican hat. Such an anisotropy can in principle lift the
strict degeneracy at the band edge, effectively recovering
the higher-dimensional behavior with less singular DOS.
However, this is obviously a very small energy scale, espe-
cially when the radius of the Mexican hat is small. Above
this small energy range, the tendency toward a divergent
behavior would still be present, so our above discussion
remains valid. Of course, if one drives the system into
the much deeper band inversion phase where the radius
of the Mexican hat becomes larger, the anisotropy can be
more effective in lifting the degeneracy. In that case, the
system might go through another Lifshitz transition at
low doping, from two sheets of Fermi surface to possible
multiple pockets. Fig. 3 (c) demonstrates such a possibil-
ity, corresponding to adding anisotropic 3rd order terms
in the dispersion relation. Furthermore, the anisotropy
might deform the Fermi surface in ways that would im-
prove the nesting condition for the charge density wave
or spin density wave states. All these interesting possi-
bilities allow further tunability of the bulk physical prop-
erties of the generic band-inverted systems.
In summary, we point out that deep into the band
inverted state, the topological insulators are generically
vulnerable against symmetry breaking instability, due to
the novel van Hove singularity near the chemical poten-
tial. This new class of VHS is caused by the characteris-
tic Mexican-hat dispersion at the band edge, which effec-
tively reduces the codimension of the degenerate extrema
to one, and guarantees the divergent DOS with a 1D-like
exponent for both 2D and 3D cases. This singular DOS
can boost up the instability of the system against a su-
perconducting state and encourages the search for build-
ing topological superconductors along this line. In addi-
tion, associated with the formation of the Mexican-hat-
like dispersion, a doped system would experience a Lif-
shitz transition that may multiply the number of Fermi
surfaces with modified shapes. Our study not only ex-
plains the existing experimental observations, but also
suggests a route to activate additional symmetry break-
ing phases in the topological insulators, particularly for
the long-sought topological superconductivities.
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